
MGS @ UCNC’2012. J.-L. Giavitto, A. Spicher. http://mgs.spatial-computing.org 

Algorithmic	
  Examples	
  

1 



MGS @ UCNC’2012. J.-L. Giavitto, A. Spicher. http://mgs.spatial-computing.org 

Mul$set	
  and	
  the	
  Chemical	
  Model	
  

2 
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•  Gamma	
  (Banâtre	
  &	
  Le	
  Metayer,	
  1986):	
  
–  Data:	
  “floa$ng”	
  molecules	
  in	
  the	
  solu$on	
  
–  Computa$on:	
  chemical	
  reac$ons	
  between	
  the	
  molecules	
  
–  no	
  over	
  specifica$on	
  of	
  control	
  structure	
  (non	
  determinism,	
  parallelism)	
  
–  no	
  over	
  specifica$on	
  of	
  data	
  structure	
  (mul$sets	
  as	
  blackboard)	
  
	
  

•  Metaphor 	
   	
  Founda$ons	
  
Solu$on 	
   	
  Mul$sets	
  
Reac$ons 	
   	
  Rewri$ng	
  rules	
  
Bownian	
  mo$on 	
  Associa$vity/Commuta$vity	
  
	
  

•  Implicit	
  parallelism	
  and	
  autonomy	
  of	
  reac$ons	
  un$l	
  iner$a	
  

The	
  Chemical	
  model	
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replace x,y by x if x divide y 

Compu4ng	
  the	
  primes	
  

2 

3 

4 

5 
6 

7 

8 

steady	
  state	
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•  Very	
  high-­‐level	
  languages	
  

•  Between	
  specifica$on	
  and	
  programs	
  
–  not	
  specifica$ons	
  

(e.g.,	
  several	
  algorithms	
  are	
  expressible	
  for	
  the	
  same	
  task)	
  
–  not	
  programs	
  

(typically	
  not	
  the	
  same	
  complexity)	
  

•  Relevant	
  for	
  the	
  programming	
  of	
  large	
  autonomic	
  and	
  
distributed	
  systems	
  
1.  The	
  mul$set	
  data	
  structure	
  and	
  rewri$ng	
  suitably	
  represent	
  the	
  

orderless	
  interac$ons	
  (reac$ons)	
  between	
  elements	
  that	
  occur	
  in	
  large	
  
parallel	
  or	
  open	
  systems	
  

2.  Autonomic	
  proper$es	
  (e.g.	
  self-­‐healing,	
  self-­‐protec$on,	
  self-­‐
op$miza$on,	
  etc.)	
  are	
  naturally	
  expressed	
  as	
  reac$on	
  rules.	
  The	
  
corresponding	
  behavior	
  can	
  be	
  seen	
  as	
  the	
  correc$ve	
  ac$on	
  
corresponding	
  a	
  perturba$on.	
  

Pro	
  and	
  Cons	
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The	
  high-­‐level	
  nature	
  of	
  chemical	
  
programming	
  entails	
  also	
  drawbacks	
  

	
  
1.  mul$sets	
  are	
  weak	
  data	
  structure	
  

–  difficult	
  to	
  express	
  data	
  structure	
  
–  difficult	
  to	
  express	
  selec$on	
  and	
  control	
  of	
  rules	
  
–  difficult	
  to	
  represent	
  the	
  distribu$on	
  	
  

•  neighborhood	
  rela$onships	
  represent	
  physical	
  constraints	
  	
  	
  
(spa$al	
  distribu$on,	
  localiza$on	
  of	
  the	
  resources)	
  	
  

•  mul$set	
  =	
  ether	
  

2.  AC	
  rewri$ng	
  can	
  be	
  inefficient	
  
–  the	
  selec$on	
  of	
  elements	
  	
  
–  the	
  ordering	
  of	
  reac$ons	
  	
  
–  the	
  termina$on	
  

Pro	
  and	
  Cons	
  

HOCL 

MGS 

Structured Gamma 

Semi Automatic Refinement 
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Eratosthene’s	
  Sieve	
  

3 93 9
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Eratosthene’s	
  Sieve	
  

trans X = { x, y / (x%y == 0)  =>  y } 
	
  
applied	
  on	
  the	
  bag	
  

 2, 3, 4, 5, 6, …, n 

(in	
  a	
  bag,	
  any	
  elements	
  are	
  neighbor)	
  

8 

At fixpoint, there is no x,y such that y divides x. 
That is: the numbers in the multiset are relatively primes. 
And because we started from all number between 2 and n,  
we have the primes below n. 
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Sequence	
  

9 



MGS @ UCNC’2012. J.-L. Giavitto, A. Spicher. http://mgs.spatial-computing.org 

Path	
  transforma$on	
  

Example:	
  “bubble	
  sort”	
  of	
  a	
  sequence	
  
trans bubble_sort = {   x , y / (x > y) => y , x   };; 

Select	
  	
  	
  x	
  neighbor	
  of	
  y	
  	
  	
  such	
  that	
  (x	
  >	
  y)	
  

A	
  maximal	
  parallel	
  paeern	
  matching	
  

10 
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Path	
  transforma$on	
  

Example:	
  “bubble	
  sort”	
  of	
  a	
  sequence	
  
trans bubble_sort = {   x , y / (x > y) => y , x   };; 
bubble_sort[‘fixpoint]((3,1,4,2)) ;; 

3 4 1 2 

1 3 2 4 

second	
  applica$on	
  
no	
  fixed	
  point	
  

1 3 2 4 

third	
  applica$on	
  
a	
  fixed	
  point	
  is	
  reached	
  

1 2 3 4 

first	
  applica$on	
  
no	
  fixed	
  point	
  

11 
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Eratosthene’s	
  Sieve	
  
	
  
	
  

3 5 7 2 9 
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11 

13	
  

Eratosthene’s	
  Sieve	
  

3 5 7 2 11 
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Array	
  

14 
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Bead	
  sort	
  

3 

1 

4 

2 

3 

1 

4 

2 
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Bead	
  sort	
  

16 

trans bead_sort = { • |south> <empty> => <empty>, • };; 
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Group	
  based	
  fields	
  
	
  

17 
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From	
  Arrays,	
  Data	
  Fields	
  and	
  GBF	
  to	
  Chain	
  

18	
  

[0,d1]× ... × [0,dn] Val Array 	
  	
  
(Total	
  Func0on)	
  

Data	
  Field 	
  	
  
(Par0al	
  Func0on)	
   Zn Val 

GBF	
  (Group	
  based	
  Field)	
  
(Par0al	
  Func0on)	
   Group Val 

Chain	
  
(Par0al	
  Func0on)	
   Cellular complex Val 
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GBF	
  

19 

16 Spicher, Michel & Giavitto
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Fig. 8 Graphical representation of the relationships between Cayley graphs and group theory. The
GBF pictured here is G=<n,e> (the equations specifying the commutation between the generators
are implicit). A node in this graph is an element of the group G. A path is a sum of generators and
their inverses. The empty path is 0 and corresponds to the null displacement. In any Cayley graph,
backtracking paths are closed paths. An equation corresponds to a closed path specific to the group
structure. On the right, the diagram shows a closed path corresponding to the commutation between
n and e, that is: n+e= e+n or, equivalently, n+e�e�n= 0.

graph. There are two types of cycles in the graph: cycles that are present in all
Cayley graphs and correspond to group laws (intuitively: a backtracking path such
as e+ n� n� e) and closed paths specific to the group’s own equations (e.g., e�
n�e+n). In this framework, a graph connectivity property such as “there is always
a path going from any node P to any node Q” is equivalent to saying that “there is
always a solution x to equation P+ x = Q”.

2.1.5 Proximal Collections

Proximal collections are graphs whose neighborhood relationship is specified by
a relation given on the elements of the collection (Fig 9). For example, let r be a
relation on integers such that

fun r(x, y) = abs(y - x) < 10

Then, we are able to define a proximal collection as follows:
proximal MyProx = r

It means that two integers n and m are neighbors in a collection of type MyProx if
and only if (iff) their “distance”, as specified by r, is less than 10. We call r the
indicator relation of a proximal collection such as MyProx.

2.1.6 User-Defined Subtypes

There is often a need to distinguish between collections of the same type (e.g.,
several multisets nested in another multiset). This can be accomplished by vari-

Cayley graph of a finite group presentation: < n, e; n+e=e+n > 
•  vertices are group element 
•  edges are generators g linking u and v iff u + g = v 
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GBF	
  

20 

16 Spicher, Michel & Giavitto
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Fig. 8 Graphical representation of the relationships between Cayley graphs and group theory. The
GBF pictured here is G=<n,e> (the equations specifying the commutation between the generators
are implicit). A node in this graph is an element of the group G. A path is a sum of generators and
their inverses. The empty path is 0 and corresponds to the null displacement. In any Cayley graph,
backtracking paths are closed paths. An equation corresponds to a closed path specific to the group
structure. On the right, the diagram shows a closed path corresponding to the commutation between
n and e, that is: n+e= e+n or, equivalently, n+e�e�n= 0.

graph. There are two types of cycles in the graph: cycles that are present in all
Cayley graphs and correspond to group laws (intuitively: a backtracking path such
as e+ n� n� e) and closed paths specific to the group’s own equations (e.g., e�
n�e+n). In this framework, a graph connectivity property such as “there is always
a path going from any node P to any node Q” is equivalent to saying that “there is
always a solution x to equation P+ x = Q”.

2.1.5 Proximal Collections

Proximal collections are graphs whose neighborhood relationship is specified by
a relation given on the elements of the collection (Fig 9). For example, let r be a
relation on integers such that

fun r(x, y) = abs(y - x) < 10

Then, we are able to define a proximal collection as follows:
proximal MyProx = r

It means that two integers n and m are neighbors in a collection of type MyProx if
and only if (iff) their “distance”, as specified by r, is less than 10. We call r the
indicator relation of a proximal collection such as MyProx.

2.1.6 User-Defined Subtypes

There is often a need to distinguish between collections of the same type (e.g.,
several multisets nested in another multiset). This can be accomplished by vari-

Equations are closed paths (loops): 
•  backtracking path are closed in any Cayley graph :  e + e + n - n - e - e 

•  group equation are specific of the graph topology 
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GBF	
  

21 

Interaction-Based Modeling of Morphogenesis in MGS 15

e

2 ·n

n

2 ·n+e

0 ·n= 0 ·e

nnw

2 ·n

e

2 ·n+e

0 ·n= 0 ·e
= 0 · nw

(a) (b)

Fig. 7 (Left) A GBF defining a NEWS grid, with two generators e and n. (Right) A GBF defining
an hexagonal grid with three generators e, n and nw, and a constraint n�nw = e.

2.1.4 Group-Based Fields

Topological collections can be defined as Group-Based Fields (GBF), which are
considered as associative arrays whose indices are elements of a group [17]. The
latter is defined by a finite presentation, i.e., a set of generators together with some
constraints on their combination. Thus a GBF can be pictured as a labeled graph
where the underlying graph is the Cayley graph of the finite presentation. The labels
are the values associated with the vertices and the generators are associated with the
edges.

For instance, in order to define a NEWS grid (a rectangular lattice in which each
node has four neighbors) we may use two generators e (east) and n (north), support-
ing addition, difference and multiplication by an integer, as illustrated in Fig. 7a.

Similarly, an hexagonal grid (6 neighbors for each vertex) can be defined by
means of three generators n, e and nw (north-west) and a constraint n� nw = e,
as illustrated in Fig. 7b. Notice that such grid is adequate to represent cells with a
hexagonal shape, since the grid can be paved with hexagons centered on the posi-
tions in the grid. As shown by the dashed path, we have 2 · n+ e = 2 · e+ n+ nw,
which can be also checked in an algebraic way, by substituting nw with n�e in this
equality as allowed by the constraint.

The GBF structure is thus adequate to define the arrangement of a grid, in any
number of dimensions. A GBF type is specified by the presentation of the underlying
group: a list of generators and a list of equations. For example, in the case of the
hexagonal grid:

gbf H = < n, e, nw; nw+e= n >

MGS only handles Abelian groups, thus the commutation equations are implicit and
we use an additive notation.

The relationships between Cayley graphs and group theory are pictured in Fig. 8.
A word (a sum of generators) is a path. Path composition corresponds to the group
addition. A closed path (a cycle) is a word equal to 0 (the identity of the group).
An equation v = w can be rewritten v�w = e and corresponds to a cycle in the

< n, e, nw; n = e+nw > 
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Snowflake	
  forma$on	
  (CA-­‐based)	
  

22 

gbf hexa = <a, b, c;  a+b=c> 
 
trans T = { 
   (0 as x / (neighborsfold(+, 0, x)==1) 
    => 1) 
} 
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Hamiltonian	
  path	
  

23 

trans hamiltonian_path = {  

 x* as p / size(p) = N => return(p) 

 };; 
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Path	
  in	
  a	
  Maze	
  

trans maze = { `input, c* as p,`output => return p }	
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Graphs	
  defined	
  by	
  a	
  metric	
  

25 



MGS @ UCNC’2012. J.-L. Giavitto, A. Spicher. http://mgs.spatial-computing.org 

Proximal	
  

26 

record agent = { x : float, y: float } 
proximal P[agent] = fun a b -> (a.x - b.x)^2 + (a.y – b.y)^2 
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Proximal	
  and	
  Flocking	
  Birds	
  

27 

trans Flocking = { 
 

  separation = 
    a / neighborsfold(to_close(a), false, a) 

    => begin  

          let b = neighborsfold(closer_bird(a), {dist = 2*d_sep}, a) in 

          let dir = if (random(2) == 0) 

                    then b.theta + 'PI_2  

                    else b.theta - 'PI_2 fi 

          in a + {x = a.x + speed*cos(dir), 

                  y = a.y + speed*sin(dir), 

                  theta = dir} 

       end; 

        

     

  cohesion = 
    a / neighborsfold(to_far(a), true, a) 

    => begin 

          let b = neighborsfold(farther_bird(a), {dist = 0}, a) in 

          let dir = atan2(b.y - a.y, b.x - a.x) 

          in a + {x = a.x + speed2*cos(dir), 

                  y = a.y + speed2*sin(dir), 
                  theta = dir} 

           end; 

 

  alignment = 
    a => begin 

            let phi = neighborsfold(add_theta, 0, a) 

            and nb = neighborsfold(nb_neighbors, 0, a) in 

            let dir = phi / nb 

            in a + {x = a.x + speed*cos(dir) + random(bruit),  

                    y = a.y + speed*sin(dir) + random(bruit),  

                    theta = dir} 

         end; 

};; 
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  separation = 
    a / neighborsfold(to_close(a), false, a) 

    => begin  

          let b = neighborsfold(  closer_bird(a),  

           {dist = 2*d_sep},  

      a ) in 
          let dir = if (random(2) == 0) 

                    then b.theta + 'PI_2  

                    else b.theta - 'PI_2 fi 

          in a + {x = a.x + speed*cos(dir), 

                  y = a.y + speed*sin(dir), 
                  theta = dir} 

       end; 

        

    28 
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  cohesion = 
    a / neighborsfold(to_far(a), true, a) 

    => begin 

          let b = neighborsfold(closer_bird(a),{dist = 0}, a) in 

          let dir = atan2(b.y - a.y, b.x - a.x) 

          in a + {x = a.x + speed2*cos(dir), 

                  y = a.y + speed2*sin(dir), 

                  theta = dir} 
       end; 

29 
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  alignment = 
    a => begin 

            let phi = neighborsfold(add_theta, 0, a) 

            and nb = neighborsfold(nb_neighbors, 0, a) in 

            let dir = phi / nb 

            in a + {x = a.x + speed*cos(dir) + random(noise),  

                    y = a.y + speed*sin(dir) + random(noise),  

                    theta = dir} 
         end; 

30 
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The	
  Growth	
  of	
  a	
  Meristem	
  	
  
[PNAS	
  103(5),	
  1627-­‐1632,	
  2006]	
  

	
  
	
  

31	
  

Pierre	
  Barbier	
  de	
  Reuille	
  
Mikaël	
  Lucas	
  

Jan	
  Traas	
  

Christophe	
  Godin	
  
CIRAD/INRA/INRIA	
  

Shoot	
  
apical	
  
meristem	
  

Root	
  apical	
  
meristem	
  

Cambium	
  

Organs	
  
posi$onning	
  
at	
  the	
  shoot	
  

apex	
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8 13 

Fibonacci	
  and	
  phyllotaxis	
  

8,13 Two successive numbers of the Fibonacci series 
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Phyllotaxis	
  :	
  divergence	
  angle	
  

137.5° 
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Phyllotaxis	
  models:	
  three	
  kinds	
  of	
  approaches	
  
	
  

(Bravais & Bravais,1837) 

Geometrical Dynamical 

2 

3 

4 

5 

6 1 

(Hofmeister, 1868) 
(Snow and Snow, 1962) 

Physiological 

(Reinhardt et al., 2000) 
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A	
  shoot	
  apical	
  meristem	
  

35 

Image	
  sequence	
  showing	
  cell	
  division	
  paeerns	
  via	
  
membrane-­‐bound	
  PIN1,	
  in	
  Shoot	
  Apical	
  Meristem	
  
(SAM),	
  nearby	
  floral	
  meristems,	
  and	
  the	
  
boundaries	
  between	
  them	
  (M.	
  Heisler).	
  
hep://computableplant.ics.uci.edu/	
  (E.	
  Mjolness)	
  

corpus	
  

tunica	
  

Central	
  zone	
  Primordia	
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Ac4ve	
  transport	
  of	
  auxine	
  

36	
  

Auxin	
  flux	
  

Immunolabelling	
  of	
  
PIN-­‐FORMED1	
  protein	
  

pin-­‐1	
  
mutant	
  

wild	
  
type	
  

high	
  concentra$on	
  of	
  
auxine	
  induces	
  organ	
  ini$a$on	
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Images : Vernoux & Traas 

Gene$c	
  labelling	
  

ANT::GFP 

Wild type 

Competence zone 

Pin1 
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(DS)2	
  

38 

flux… changes	
  form…	
   which	
  changes	
  flux…	
  

Flux	
   Shape	
  
Dynamic	
  
interac0on	
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Virtual	
  meristem	
  

3 – Transport model 

auxin 

auxin 

1 – Meristem representation 
2 – Growth model (DS)2 

Giavitto & Michel 

4 – Cell model 
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Meristem	
  representa$on	
  

(Barbier de Reuille et al. 2003) 

(Honda 1978, 2004) 
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Original Digitalized 

Meristem	
  representa$on	
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MGS	
  –	
  dynamic	
  structure	
  rules	
  

{ })2,(),1,()(/ div xchildxchildxdividingxtrans ⇒=

x 
trans div x1 x2 
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Model 3 - “Inhibitor fields” and diffusion 

CZ 

ID 
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Simula$on	
  results	
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Model	
  4	
  :	
  Ac$ve	
  pumping	
  of	
  auxin	
  
- - Cell internal state and processes =>  

capacity of division, 
spring relaxed length, 
primordium/center,  
concentration of auxin (inhibitor), 
saturation, 
auxin degradation / evacuation 
promotion to primordium 
“pump magnetism” 

 
- Movement =>  

 due to cell growth 
 
- Growth =>  

 increase of spring relaxed length 
 
- Division =>   

 when size > threshold 
 
- Cell interaction =>  

 Passive diffusion of auxin,  
 active pumping of auxin 
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-­‐ -­‐	
  Cell	
  internal	
  state	
  and	
  processes	
  
capacity	
  of	
  division,	
  springs	
  relaxed	
  length,	
  
primordium/center,	
  	
  
concentra4on	
  of	
  auxin,	
  auxin	
  degrada4on	
  /	
  
evacua4on,	
  inhibitor	
  
	
  promo4on	
  to	
  primordium,	
  “pump	
  magne4sm”	
  

	
  
-­‐	
  Movement	
  (due	
  to	
  cell	
  growth)	
  
	
  
-­‐	
  Growth:	
  increase	
  of	
  spring	
  relaxed	
  length	
  
	
  
-­‐ -­‐	
  Division:	
  when	
  size	
  >	
  threshold	
  
	
  
-­‐	
  Cell	
  interac8on	
  

	
  Passive	
  diffusion	
  of	
  auxin,	
  ac4ve	
  pumping	
  of	
  auxin	
  

Auxin	
  level	
  

trans Auxin = { 
 x, y / pump(x,y) 
 à x+{x.auxin -= δ}, y+{y.auxin += δ} 

} 

P. B
arbier de R

euille 
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Primordium	
  local	
  inhibi4on	
  

Auxin level 
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