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Modelling	  morphogenesis:	  the	  approach	  of	  A.	  Turing	  

Environment   
characterized by 
its effects on the system 

System 
described by a state 
(determined by observation) 



statet-‐1	   statet	   statet+1	   N	  

statet-‐dt	   statet	   statet+dt	   R	  

Specifying	  a	  dynamical	  system	  (for	  simula(on)	  

3	  

statet	  

Specifica0on	  of	  
• 	  structure	  of	  state	  
• 	  structure	  of	  0me	  
• 	  evolu0on	  func0on	  

H	   H	  

H*	  

∫H(t)dt	  

state 

time 

evolution 
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Morphogenesis	  as	  a	  Dynamical	  System	  

Modelling a dynamical system 
•  state, including space (e.g. fields) 
•  time 
•  evolution function 

C : continuous, 
D: discrete 

PDE Coupled 
ODE 

Iteration of 
functions 

Cellular 
automata … 

state C C C D … 

time C C D D … 

space C D D D … 
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Modelling	  morphogenesis:	  the	  approach	  of	  A.	  Turing	  

•  Uniform	  ma*er,	  con0nuous-‐oriented	  system	  descrip0on	  	  
One	  choice	  is	  to	  ignore	  cells	  completely,	  e.g.,	  Physiome	  models	  (ssues	  as	  con(nua	  with	  bulk	  
mechanical	  proper(es	  and	  detailed	  molecular	  reac(on	  networks,	  which	  is	  computa(onally	  efficient	  
for	  describing	  dense	  (ssues	  and	  non-‐cellular	  materials	  like	  bone,	  extracellular	  matrix	  ,	  fluids,	  and	  
diffusing	  chemicals,	  but	  not	  for	  situa,ons	  where	  cells	  reorganize	  or	  migrate.	  

versus	  
	  

•  Cell-‐oriented	  discrete	  system	  descrip0on	  
Mul(-‐cell	  simula(ons	  are	  useful	  to	  interpolate	  between	  single-‐cell	  and	  con(nuum-‐(ssue	  extremes	  
because	  cells	  provide	  a	  natural	  level	  of	  abstrac(on	  for	  simula(on	  of	  (ssues,	  organs	  and	  organisms.	  
	  
Trea(ng	  cells	  phenomenologically	  reduces	  the	  millions	  of	  interac(ons	  of	  gene	  products	  to	  several	  
behaviors:	  most	  cells	  can	  move,	  divide,	  die,	  differen(ate,	  change	  shape,	  exert	  forces,	  secrete	  and	  
absorb	  chemicals	  and	  electrical	  charges,	  and	  change	  their	  distribu(on	  of	  surface	  proper(es.	  	  

(CompuCell3D	  manual)	  
	  

Aggregate-‐	  vs.	  En0ty-‐based	  models	  
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Modelling	  morphogenesis:	  the	  predefined	  medium	  

Compatible with  
•   the notion of morphogenetic field 
•   cell fate 
But 
•   there is evidence for 

feedback loops between the shape 
and the process inhabiting the shape 

 
from	  E.	  Haenkel	  (cited	  by	  C.	  Goodman-‐Strauss):	  example	  of	  a	  nega(ve	  curvature	  
surface.	  Curvature	  can	  be	  controlled	  while	  the	  surface	  is	  growing	  along	  a	  ‘front’	  
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The	  medium/process	  problem	  



• 	  (px,	  py)	  
• 	  (vx,	  vy)	  
• 	  (px’,	  py’)	  
• 	  (vx’,	  vy’)	  

8	  

The	  medium/process	  problem	  

a	  falling	  ball	  

at	  any	  ,me	  a	  state	  is	  a	  posi,on	  and	  a	  speed	  

A	  dynamical	  system	  (DS)	  
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The	  medium/process	  problem	  

a	  falling	  ball	   a	  developing	  embryo	  

the	  structure	  of	  the	  state	  
(chemical	  and	  mechanical	  state	  of	  each	  cell)	  

is	  changing	  in	  ,me	  
A	  dynamical	  system	  with	  a	  dynamical	  structure	  

(DS)2	  

• 	  (px’,	  py’)	  
• 	  (vx’,	  vy’)	  

at	  any	  ,me	  a	  state	  is	  a	  posi,on	  and	  a	  speed	  

A	  dynamical	  system	  (DS)	  
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What	  has	  changed	  since	  Turing’s	  (me	  

P.	  Prusinkiewicz,	  c.2003	  
Diffusion	  and	  reac(on	  in	  a	  deformable	  surface	  (E.	  Coen’s	  expanding	  canvas	  
metaphor).	  Spring-‐mass	  system.	  No	  topological	  change.	  



Socware	  as	  Science	  ?	  	  

•  Intelligibility	  	  
The	  en,re	  process	  should	  be	  accessible	  for	  analysis	  into	  a	  finite,	  not	  very	  large	  
number	  of	  stages,	  each	  stage	  being	  represented	  as	  a	  monotonic	  func,on	  of	  
some	  definite	  ini,al	  condi,ons	  and	  a	  single	  variable	  such	  as	  ,me,	  or	  distance,	  
etc.	  (Gurwitsch,	  1944)	  
à	  compress	  behavior	  or	  shape	  in	  few	  rules	  

•  Simula(on	  is	  only	  a	  first	  step:	  models	  must	  enable	  reasoning	  
à	  stay	  close	  to	  mathema(cal	  formalism	  

A	  program	  is	  a	  formal	  object	  (and	  some	  form	  of	  reasoning	  on	  it	  is	  possible)	  but	  a	  106	  lines	  of	  codes	  is	  not	  an	  explana(on	  !	  

11 
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A	  good	  example	  of	  declara0ve	  formalism:	  Lindenmayer	  systems	  

•  The	  structure	  of	  a	  tree	  can	  be	  coded	  by	  a	  
string	  of	  parenthe(sed	  symbols	  

•  A	  symbol	  is	  an	  elementary	  part	  of	  the	  plant	  

•  The	  symbol	  between	  [	  and	  ]	  represents	  a	  
sub-‐tree	  

•  Addi(onal	  conven(ons	  are	  used	  to	  
represent	  main	  axis,	  orienta(on,	  depth,	  
etc.	  	  

•  A	  rule	  
	  s0	  →	  s1	  s2	  s3	  …	  

represents	  the	  evolu(on	  of	  s0	   P
. P
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ie
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Diffusion	  and	  reac(on	  in	  a	  linear	  growing	  medium	  
	  M.	  Hammel	  and	  P.	  Prusinkiewicz	  (1996)	  

The	  following	  rules	  state	  that	  a	  differen(ated	  cell	  (heterocyst)	  returns	  to	  a	  
vegeta(ve	  state	  if	  the	  concentra(on	  of	  the	  ac(vator	  is	  too	  low.	  In	  addi(on,	  if	  
the	  cell	  is	  large	  enough,	  it	  con(nues	  to	  grow.	  

e / (D(e) & (e.a < thr) | (e.x >= shorter*gr)) 
=> {type ="C", a=e.a/gr, h=e.h/gr, x=e.x*gr, p=e.p}; 
 

The	  following	  rule	  specifies	  when	  a	  cell	  with	  a	  lec	  polarity	  divides.	  
Only	  vegeta(ve	  cells	  can	  divide	  (hence	  the	  predicate	  C	  in	  the	  rule	  guard)	  and	  it	  
must	  be	  large	  enough.	  The	  volume	  of	  the	  two	  daughter	  cells	  remains	  the	  
same,	  so	  there	  is	  no	  varia(on	  in	  the	  concentra(on. 

e / (C(e) & (e.x >= lm) & (e.p == L)) 

=> {type="C", a=e.a, h=e.h, x=e.x*shorter, p=L}, 

   {type="C", a=e.a, h=e.h, x=e.x*longer,  p=R}; 

Linear cell structure 

morphogene 
concentration 

time 
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•  Rewri(ng	  system	  
–  Used	  to	  formalize	  equa(onnal	  reasoning	  
–  A	  genera(ve	  device	  (grammar)	  
–  Replace	  a	  sub-‐part	  of	  an	  en(ty	  by	  an	  other	  
–  Set	  of	  rewri(ng	  rules	  α	  à	  β	  

•  α:	  papern	  specifying	  a	  sub-‐part	  
•  β:	  expression	  evalua(ng	  a	  new	  sub-‐part	  

•  Example:	  arithme(c	  expressions	  simplifica(on	  

Rewri0ng	  systems	  (and	  abstract	  transi(on	  systems)	  

x 

+ 

0 

x 

y 

+ 

x x 

+ 

y 



A	  non-‐standard	  interpreta(on	  
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e1	  +	  e2	  →	  …	  	  

e1 	  can	  be	  a	  cell	  and	  e2	  a	  signal	  
e1 	  and	  e2	  can	  be	  interac(ng	  cell	  

+ 	  is	  the	  possibility	  of	  	  interac,on	  between	  en((es	  (or	  some	  
other	  rela(onships)	  

→  	   is	  the	  passing	  of	  (me,	  a	  local	  evolu(on,	  a	  transi(on,	  
the	  concre(za(on	  of	  the	  interac(on	  

	  
Examples:	  if	  e	  is	  a	  cell	  and	  i	  a	  biochemical	  signal	  

e	  +	  i	  →	  e’   	   	  growth	  (evolu(on	  of	  e	  on	  signal	  
i)	  	  	  
e	  +	  i	  →	  e+i’  	  quorum	  sensing	  
e	  +	  i	  →	  e’	  +	  e’’ 	  division	  
e	  +	  i	  →	  . 	   	  apoptose	  
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Rewri(ng	  systems	  in	  simula(on	  

Complex	  systems	  	  	   Rewri0ng	  techniques	  

Modelling	   Specifica(on	  
State	  (space)	   Data	  structure	  

hierarchical	  and	  tree	  organiza(ons	  
arbitrary	  complex	  organiza,ons	  

formal	  trees	  (or	  terms)	  
	  ?	  

Evolu0on	  func0on	   Set	  of	  rules	  
interac*ons	  à	  evolu(on	  

local	  evolu0on	  laws	  
α	  :	  papern	  à	  β	  :	  expression	  
rewri(ng	  rules	  

Simula(on	   Applica(on	  
Trajectories	  

Time	  management	  
Deriva(ons	  
Rule	  applica(on	  strategy	  

discrete,	  event-‐based,	  
synchronous	  vs.	  asynchronous	  

maximal	  parallel,	  sequen(al,	  
determinis(c,	  stochas(c	  

ßà 
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•  local	  evolu,on	  rules	  
mandatory	  when	  you	  cannot	  express	  a	  global	  func(on/rela(on	  
because	  the	  domain	  of	  the	  func(on/rela(on	  is	  changing	  in	  (me	  

•  interac(on	  based	  approch	  
the	  l.h.s.	  of	  a	  rule	  specifies	  a	  set	  of	  elements	  in	  interac,on,	  the	  
r.h.s.	  the	  result	  of	  the	  interac(on	  

•  the	  phase	  space	  is	  well	  defined	  but	  not	  well	  known	  
a	  genera(ve	  process	  enumerates	  the	  elements	  but	  
membership-‐test	  can	  be	  very	  hard	  

•  various	  kind	  of	  ,me	  evolu,on	  (for	  the	  same	  set	  of	  rules)	  

•  demonstra,on	  by	  induc,on	  
on	  the	  rules	  or	  on	  the	  deriva(on	  (e.g.	  growth	  func(on	  in	  L	  system)	  

Proper(es	  
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How	  to	  extend	  to	  arbitrary	  spa(al	  structure?	  

•  Anabaena	  was	  «	  easy	  »	  because	  of	  the	  linear	  uniform	  structure	  
•  How	  to	  handle	  the	  complex	  spa(al	  structure	  of	  a	  cell?	  

David S. Goodsell 
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The	  MGS	  project	  

•  Language	  dedicated	  to	  the	  simula(on	  of	  (DS)2	  

•  Declara(ve	  (declara(ve	  simula(on	  vs	  procedural)	  
•  Abstract	  rewri(ng	  of	  complex	  spa(al	  structures:	  

–  Data	  structure	  =	  topological	  collec(ons	  
	  sequence,	  generalized	  array,	  (mul(-‐)set,	  arbitrary	  graph,	  Delaunay	  
triangula(on,	  g-‐map,	  …,	  cell	  complexes	  

–  Control	  structure	  =	  transforma(on	  
•  two	  powerful	  languages	  to	  specify	  sub-‐collec(ons	  (elements	  in	  
interac(on)	  

•  Various	  rule	  applica(on	  strategies:	  maximal	  parallel,	  asynchronuous,	  
stochas(c,	  Gillespie-‐like,	  …	  
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Topological	  collec(on:	  represen(ng	  the	  underlying	  space	  

Representa(on	  of	  space	  and	  structure	  
–  Structure:	  

• Collec(on	  of	  topological	  cells	  

0-cell 1-cell 3-cell 2-cell 
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Topological	  collec(on:	  represen(ng	  the	  underlying	  space	  

Representa(on	  of	  space	  and	  structure	  
–  Structure:	  

• Collec(on	  of	  topological	  cells	  
•  Incidence	  rela,onships	  
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Topological	  collec(on:	  a	  data-‐field	  over	  topological	  cells	  

Representa(on	  of	  space	  and	  structure	  
–  Structure:	  

• Collec(on	  of	  topological	  cells	  
•  Incidence	  rela(onship	  

–  Data	  :	  associa,ng	  values	  with	  topological	  cells	  ≈	  field	  in	  physics	  

c1=1.22 
c2=0.72 
… 

C1 = 1.37 
C2 = 0.81 
s = 2.33 
… 

c1=1.03 
c2=0.74 
… 

κ=0.3 
l=3.2 

topological	  chain/cochain	  

f	  =0.3 
x=… 
y=… 
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Higher	  dimensional	  objects	  for	  complex	  simula(ons	  

Example	  of	  electrosta(c	  Gauss	  law	  [Ton0	  74]	  
•  Electric	  charge	  content	  ρ	  :	  dimension	  3	  
•  Electric	  flux	  Φ	  :	  dimension	  2	  
•  Law	  available	  on	  a	  arbitrary	  complex	  domain	  

dτ
Q

dSw
V

c

∫∫∫∫∫ ==⋅=
)(

00

      
ε
ρ

ε
φ

A Direct Discrete Formulation of Field Laws: The Cell Method 

electric field in space: 
  - V: electric potential (dim 0) 
  - E: voltage (dim 1) 
  - w: electric flux (dim 2) 
  - Qc: electric charge (dim 3) 



Topological	  rewri(ng	  =	  transforma(on	  
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1	  +	  2	  →	  … 	   	  (arithme(c)	  term	  rewri(ng	  
	  
	  
a	  .	  b	  	  →	  … 	   	  string	  rewri(ng	  (~	  L	  systems)	  
	  
	  
2H	  +	  O	  →	  	  H2O 	  mul(set	  rewri(ng	  (~	  chemistry)	  
	  
	  
	  
v1.σ1  +  v2.σ2	  → … 	  topological	  rewri(ng	  (MGS)	  

arithme(c	  opera(on	  

string	  concatena(on	  

mul(set	  concatena(on	  (=	  the	  chemical	  soup)	  

gluing	  cell	  in	  a	  cell	  complex	  
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Transforma(on	  

Pa*ern	  matching	  :	  specifying	  a	  sub-‐collec0on	  of	  elements	  in	  interac0on	  
•  Path	  transforma,on	  (path	  =	  sequence	  of	  neighbor	  elements)	  

–  Concise	  but	  limited	  expressiveness	  
•  Patch	  transforma,on	  (arbitrary	  shape)	  

–  Longer	  but	  higher	  expressiveness	  

patch 

path 

Topological	  collec(on	   Topological	  collec(on	  

Sub-‐collec(on	  
Local	  interac0on	  

Sub-‐collec(on	  
Interac0on	  result	  

Transforma(on	  
=	  

Topological	  rewri(ng	  
Local	  evolu0on	  law	  



NEIGHBOR OF  

•  Diffusion:	  some	  par(cles	  are	  randomly	  diffusing;	  others	  are	  fixed	  
•  Aggrega(on:	  if	  a	  mobile	  par(cle	  meets	  a	  fixed	  one,	  it	  stays	  fixed	  

 trans dla = { 
    `mobile , `fixed  => `fixed, `fixed ; 
    `mobile , <undef> => <undef>, `mobile 
}	  

26 

Example:	  Diffusion	  Limited	  Aggrega(on	  (DLA)	  
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Example:	  Diffusion	  Limited	  Aggrega(on	  (DLA)	  

•  Diffusion:	  some	  par(cles	  are	  randomly	  diffusing;	  others	  are	  fixed	  
•  Aggrega(on:	  if	  a	  mobile	  par(cle	  meets	  a	  fixed	  one,	  it	  stays	  fixed	  

 trans dla = { 
    `mobile , `fixed  => `fixed, `fixed ; 
    `mobile , <undef> => <undef>, `mobile 
}	  

this transformation is an abstract process that can be applied to any kind of space 



Polytypisme	  



Fractal	  construc(on	  by	  carving	  
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Menger	  sponge	  (2	  steps)	  

Sierpinsky	  sponge	  (4	  steps)	  
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The	  Growth	  of	  a	  Meristem	  	  
[PNAS	  103(5),	  1627-‐1632,	  2006]	  

	  
	  Pierre	  Barbier	  de	  Reuille	  

Mikaël	  Lucas	  

Jan	  Traas	  

Christophe	  Godin	  
CIRAD/INRA/INRIA	  

Shoot	  
apical	  
meristem	  

Root	  apical	  
meristem	  

Cambium	  

Organs	  
posi(onning	  
at	  the	  shoot	  

apex	  
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A	  shoot	  apical	  meristem	  

Image	  sequence	  showing	  cell	  division	  
paperns	  via	  membrane-‐bound	  PIN1,	  in	  
Shoot	  Apical	  Meristem	  (SAM),	  nearby	  
floral	  meristems,	  and	  the	  boundaries	  
between	  them	  (M.	  Heisler).	  
hpp://computableplant.ics.uci.edu/	  (E.	  
Mjolness)	  

corpus	  

tunica	  

Central	  zone	  Primordia	  
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Ac(ve	  transport	  of	  auxine	  

Auxin	  flux	  

Immunolabelling	  of	  
PIN-‐FORMED1	  protein	  

pin-‐1	  
mutant	  

wild	  
type	  

high	  concentra(on	  of	  
auxine	  induces	  organ	  ini(a(on	  
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(DS)2	  

flux… changes	  form…	   which	  changes	  flux…	  

Flux	   Shape	  
Dynamic	  
interac,on	  
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Model	  
-‐ -‐	  Cell	  internal	  state	  and	  processes	  

capacity	  of	  division,	  spring	  relaxed	  length,	  
primordium/center,	  	  
concentra0on	  of	  auxin	  (inhibitor),	  satura0on,	  auxin	  
degrada0on	  /	  evacua0on,	  promo0on	  to	  primordium,	  
“pump	  magne0sm”	  

	  
-‐	  Movement	  (due	  to	  cell	  growth)	  
	  
-‐	  Growth:	  increase	  of	  spring	  relaxed	  length	  
	  
-‐ -‐	  Division:	  when	  size	  >	  threshold	  
	  
-‐	  Cell	  interac*on	  

	  Passive	  diffusion	  of	  auxin,	  ac0ve	  pumping	  of	  auxin	  

Auxin	  level	  

trans Auxin = { 
 x, y / pump(x,y) 
 à {x.auxin -= δ}, {y.auxin += δ} 

} 

P. B
arbier de R

euille 
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A	  Synthe0c	  «	  Mul0cellular	  Bacterium	  »	  

David	  Bikard,	  Thomas	  Landrain,	  David	  
Puyraimond,	  Eimad	  Shotar,	  Gilles	  Vieira,	  

Aurélien	  Rizk,	  David	  Guegan,	  Nicolas	  Chiarumni,	  
Thomas	  Clozel,	  Thomas	  Landrain	  
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The	  Paris	  iGEM	  project:	  a	  «	  mul(cellular	  bacteria	  »	  
to	  decouple	  growth	  and	  transgene	  expression	  

	  

germinal	  
cell	  

soma(c	  
cell	  

feeding	  

differen0a0on	  

reproduc0on	  



ISC	  novembre	  09	  –	  Jean-‐Louis	  Giavipo	  

MGS Implementa0on	  using	  BioBricks	  
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dapA	  csK	  lox71	   gfp	   T	   T	   lox66	  

Germinal	  cell	  

cre	  

Differen0a0on	  control	  

nsK	  
needed	  for	  
cellular	  
division	  

ireversible	  recombina0on	  

cre	   différen0a0on	  control	  

T	   lox66	   Y	  lox71	   X	  

loxSc	   Y	  

loxscar	   X	  
T	  

DAP	  starva0on	  

DAP	  feeding	  

Differen0a0on	  

loxSc	  

csK	  

loxScar	  

gfp	   T	  

No	  replica*on	  origin	  

Soma0c	  cell	  

dapA	  

cre	  

T	  

à	  RECOMBINAISON	  à	  Differen0a0on	  
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Proof	  of	  Concept:	  Simula(on	  to	  answer	  4	  ques(ons	  

•  How	  does	  differen0a0on	  induces	  feeding?	  (proof	  of	  concept)	  
cellular	  automaton	  (in	  MGS)	  

diffusion	  of	  DAP	   soma(c	  and	  germ	  cell	  
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Proof	  of	  Concept:	  Simula(on	  to	  answer	  4	  ques(ons	  

•  How	  does	  differen0a0on	  induces	  feeding?	  (proof	  of	  concept)	  
cellular	  automaton	  (in	  MGS)	  

•  How	  do	  spa0al	  organiza0on	  and	  distribu0on	  evolve?	  
agents	  based	  system	  (in	  MGS)	  
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Proof	  of	  Concept:	  Simula(on	  to	  answer	  4	  ques(ons	  

•  How	  does	  differen0a0on	  induces	  feeding?	  (proof	  of	  concept)	  
cellular	  automaton	  (in	  MGS)	  

•  How	  do	  spa0al	  organiza0on	  and	  distribu0on	  evolve?	  
agents	  based	  system	  (in	  MGS)	  

•  How	  robust	  and	  tunable	  is	  the	  model?	  
ODE	  kine0cs	  (matlab)	  
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Proof	  of	  Concept:	  Simula(on	  to	  answer	  4	  ques(ons	  

•  How	  does	  differen0a0on	  induces	  feeding?	  (proof	  of	  concept)	  
cellular	  automaton	  (in	  MGS)	  

•  How	  do	  spa0al	  organiza0on	  and	  distribu0on	  evolve?	  
agents	  based	  system	  (in	  MGS)	  

•  How	  robust	  and	  tunable	  is	  the	  model?	  
ODE	  kine(cs	  

•  How	  sensi0ve	  is	  the	  system	  to	  noise?	  
Gillespie	  based	  simula0on	  (in	  MGS)	  



MGS	  drawbacks	  and	  successes	  

Success	  

•  Polytypisme	  is	  good	  

•  Paperns/rules	  are	  expressive	  and	  usually	  concise	  
•  Clean	  seman(cs	  

Shortcommings	  

•  Rules	  may	  be	  heavy	  (e.g.	  100	  variables	  for	  the	  fractal	  sponge)	  
graphical	  drawing	  of	  rules	  
look	  for	  beDer	  nota,ons	  (e.g.	  path	  paDern)	  

•  Efficiency	  
well…	  

•  Implicit	  methods	  (solvers)	  are	  hairy	  
use	  explicit	  ones	  
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The	  need	  of	  design	  papern	  
Mul(ple	  examples	  during	  the	  workshop	  

•  Cassepe,	  module,	  func(on,	  device,	  mechanism,	  gradient,	  
amplifica(on,	  diffusion,	  transport,	  diffusion-‐reac(on,	  
polariza(on...	  
à	  abstrac(ng	  biological	  processes	  

•  Universal	  Mechanisms	  of	  Animal	  Development	  
(basic	  machinery	  of	  development	  is	  conserved	  amongst	  species,	  
homologous	  proteins,	  etc.)	  

•  “Biochemical	  specifica(on”	  vs.	  “causal	  explica(on”	  	  
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Design	  paperns	  

44 



An	  analogy	  
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Purposes:	  
• 	  Pedagogical	  
• 	  Heuris0c	  :	  	  

• 	  auto-‐stabilizing	  systems	  
• 	  resources	  consump0ons	  (memory,	  0me,	  energy)	  
• 	  …	  

• 	  Technical:	  compose	  and	  reuse	  models:	  towards	  an	  
algebraic	  (rela0onal)	  approach	  to	  biological	  processes	  

«	  Func0on	  »	  

algorithms	  

design	  pa*erns	  

implementa0on	  

«	  sort	  »	  

bubble-‐sort	  

iterate	  over	  elements	  

for (i = 0; i < n; i++) 
… 

«	  limb	  construc(on	  »	  

space-‐dependant	  ac(va(on	  of	  genes	  

• 	  establish	  posi(onal	  informa(on	  PI	  
• 	  differen(ate	  cell	  wrt.	  PI	  
• 	  …	  



•  The	  Boundary	  Operator	  ∂	

–  Star(ng	  point	  of	  the	  elabora(on	  of	  a	  discrete	  diff.	  calculus	  
–  Transport	  of	  data	  from	  cells	  to	  their	  faces	  

–  Cochains	  nota(on	  
The	  boundary	  operator	  is	  a	  cochain	  

–  MGS	  nota(on	  

ω’ ω’ ω	
ω	
ω	
 ω’	  

Example:	  (some	  special)	  Transforma(ons	  as	  Cochains	  
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ω	


boundary	  



Transforma(on	  as	  Cochains	  
•  Deriva(ve	  Operator	  d 

–  Defined	  w.r.t.	  the	  discrete	  Stockes’	  Theorem	  

–  Cochains	  Nota(on	  
One	  can	  show	  that	  the	  deriva(ve	  verifies	  

–  MGS	  Nota(on	  
We	  directly	  use	  the	  Stockes’	  Theorem	  
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Transforma(on	  as	  Cochains	  

•  Illustra(ve	  example	  :	  the	  Laplacian	  Operator	  Δ	


–  The	  Laplacian	  in	  terms	  of	  	  and	  d	  [Desbrun	  et	  al.,	  2006]	  

	   	   	   	   	   	  where	  

–  MGS	  nota(on	  
Big	  assump(on:	  the	  Hodge	  star	  	  is	  replace	  by	  the	  co-‐deriva(ve	  dco	  
(=	  uniform	  geometry)	  
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Transforma(on	  as	  Cochains	  
•  Illustra(ve	  example	  :	  the	  Laplacian	  Operator	  	  

–  Corresponding	  Data	  Transport	  (case	  of	  dimension	  1)	  

•  Dimension	  1:	  	  
•  Stockes’	  Theorem: 	  équivalence	  with	  
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Transforma(on	  as	  Cochains	  

•  Illustra(ve	  example	  :	  the	  Laplacian	  Operator	  Δ	  

–  Simula(on	  of	  diffusion	  
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uD
t
u

Δ=
∂

∂ fun diffusion[D,orient](u) = 
  u + D*Laplacian[orient=orient](Id)(u) ;; 



• 	  Antoine	  Spicher	  
• 	  Olivier	  Michel	  
• 	  PhD	  and	  other	  students	  
	  	  	  	  	  	  J.	  Cohen,	  P.	  Barbier	  de	  Reuille,	  
	  	  	  	  	  	  E.	  Delsinne,	  V.	  Larue,	  F.	  Le(erce,	  B.	  Calvez,	  	  
	  	  	  	  	  	  F.	  Thonerieux,	  D.	  Boussié	  	  and	  the	  others...	  
• 	  Collabora0ons	  
•  A.	  Lesne	  (IHES,	  stochas(c	  simula(on)	  
•  P.	  Prusinkiewicz	  (Calgary,	  declara(ve	  modeling)	  	  	  	  
•  P.	  Barbier	  de	  Reuille	  (meristeme	  model)	  
•  C.	  Godin	  (CIRAD,	  biological	  modeling)	  	  	  	  	  	  	  	  	  	  	  	  	  	  
•  H.	  Berry	  (LRI,	  stochas(c	  simula(on)	  
•  G.	  Malcolm	  (Liverpool,	  rewri(ng)	  
•  J.-‐P.	  Banâtre	  (IRISA,	  programming)	  	  	  	  	  	   	  	  	  
•  F.	  Delaplace	  (IBISC,	  synthe(c	  biology)	  
•  P.	  Diprich	  (Jena,	  chemical	  organiza(on)	  
•  E.	  Goubault	  (CEA,	  topological	  formaliza(on)	  
•  F.	  Gruau	  (U.	  PXI,	  language	  and	  hardware) 	  	  	  	  	  	  	  	  	  	  
•  P.	  Liehnard	  (Poi(er,	  CAD,	  Gmap	  and	  quasi-‐manifold)	  	  
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Thanks	  
http://mgs.spatial-computing.org 
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Three	  challenges	  and	  some	  tools	  	  	  

compilation, 
engineered emergence 

validation, 
analysis, 
collective 

properties 

limits, 
non-standard 
analysis 

approximation, 
numerical resolution, 

partitionning 

DNA 

cellular 
machinery 

Cellular 
machinery 

DNA 

global 
local 

discrete 

software/data 
hardware/programme 

population 

individual Molecules, 
Compartments, 

Cells 

concentration, 
time, fields 

continuous 



(…)	  An	  invagina(on	  of	  a	  germ	  layer	  may	  be	  explained	  on	  a	  basis	  of	  a	  pressure	  difference	  between	  the	  
two	  surfaces	  (or	  sides)	  or	  by	  cell	  movements,	  and	  so	  forth.	  This	  can	  be	  considered	  as	  an	  'explana(on'	  
un(l	  we	  ask	  about	  the	  origin	  of	  pressure	  differences,	  or	  the	  mechanisms	  involved	  in	  cell	  movement,	  
etc.	  However,	  ques(ons	  of	  this	  kind	  become	  trivial	  when	  a	  larger	  process,	  rather	  than	  its	  individual	  
components	  becomes	  the	  main	  problem.	  Suppose	  for	  a	  moment	  that	  each	  element	  in	  the	  succession	  
A,	  a,	  C…	  can	  be	  explained	  separately,	  e.g.	  A	  as	  a	  swelling,	  a	  as	  a	  chemical	  reac(on,	  etc.	  Interes(ng	  as	  
they	  may	  be,	  these	  explana(ons	  are	  of	  subordinate	  importance	  when	  related	  to	  the	  main	  ques(on:	  
Why	  indeed	  is	  a	  regular	  (emphasis	  added)	  succession	  of	  these	  obviously	  quite	  different	  processes	  
taking	  place	  at	  all?	  Most	  biological	  problems	  are	  of	  this	  kind	  and	  all	  of	  embryogenesis	  is	  just	  such	  a	  
single	  problem.	  Here	  we	  require	  a	  peculiar	  or,	  maybe,	  original	  explanatory	  principle...	  A	  process	  may	  
become	  accessible	  to	  explana(on	  only	  insofar	  as	  one	  can	  succeed	  in	  subs(tu(ng	  [understanding	  of]	  a	  
purely	  phenomenological	  mul(plicity	  and	  diversity	  of	  events	  [for	  understanding]	  of	  a	  less	  diverse	  and	  
less	  arbitrarily	  created	  picture	  correctly	  reflec(ng	  reality.	  The	  main	  aim	  of	  such	  a	  construc(on	  would	  
be	  as	  follows.	  The	  en(re	  process	  should	  be	  accessible	  for	  analysis	  into	  a	  finite,	  not	  very	  large	  number	  
of	  stages,	  each	  stage	  being	  represented	  as	  a	  monotonic	  func(on	  of	  some	  definite	  ini(al	  condi(ons	  
and	  a	  single	  variable	  such	  as	  (me,	  or	  distance,	  etc.	  If	  this	  cannot	  be	  realized,	  we	  consider	  a	  given	  set	  
of	  events	  as	  scien(fically	  inaccessible.	  On	  the	  other	  hand,	  even	  a	  par(al	  success	  of	  such	  an	  enterprise	  
is	  an	  obvious	  step	  forward."	  

(Gurwitsch,	  1944)	  
cited	  by	  Beloussov	  in	  “Life	  of	  Alexander	  G.	  Gurwitsch	  and	  his	  relevant	  contribu(on	  to	  the	  theory	  of	  morphogene(c	  fields”,	  Int.	  J.	  Dev.	  Biol.	  41,	  771-‐779	  (1997)	  
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